INTRODUCTION
We show how group analysis can be used to solve an overdetermined system of two ordinary differential equations (ODES) of orders m and n, respectively, m < n : f(w,~,-*-,~)=0. Let D be a set of solutions common to ( I.la), ( 1. lb) . Each member of D lies on the surface S defined by the intersection of the surfaces fb,, Z2,Z3? ..., z,+2)=0, g(z1,z2,z3,...,z,+2)=0,
95
(1.2a) (1.2b) with the correspondence z, = x, z2 = y, z3 = dy/dx, . . . . z, + z = d"y/dx". Obviously the dimensionality of the surface S is at most m + 1. We assume that each of the ODES (l.la) and (l.lb) is invariant under the same r-parameter (sr, .s2, . . . . E,) solvable Lie group of point transformations G"' [ 1, p. 1541: x* =X(x, y; El 9 5, . . . . E,), y* = ytx, y; El, EZ, ---7 &,I, 1 < r < m. Consequently there exist differential invariants [ 1, 2] ,
such that Eqs. (l.la) and (l.lb), respectively, reduce to the equivalent overdetermined system of equations
for some functions F and G.
Thus by group analysis we see that the surface S containing a set of solutions D common to (l.la), (1.1 b) is a surface S of dimensionality at most m + 1 -r in (z,, z2, zj, . . . . z,, 2 )-space since it is now constrained by (1.4a), (1.4b), (lSa), (1.5b ). In particular the surface S lies in @I, z2, z,, ---, z??+2--r )-space with the correspondence Z, = U, Zz = u, is a common solution of (1. la), ( 1.1 b). Since u and v are invariants of G"' it follows that Eq. (1.7) is invariant under the r-parameter solvable group G"' defined by (1.3a), (1.3b Since both of the ODES (l.lOa), (l.lOb) are invariant under the r-parameter group G (r) defined by (1.3a), (1.3b), it follows that the solution of each of these ODES is constructively reduced to quadratures. Hence one can determine explicitly all common solutions of (l.lOa), ( 1. lob).
Note that with our procedure one may find the set of all common solutions of (l.la), (l.lb) without determining the general solution of either (l.la) or (l.lb).
II. A SIMPLE EXAMPLE
Consider the system of ODES (m = 2, n = 2): These three groups are all solvable since each has at most two parameters. We demonstrate our procedure for each of these groups. for arbitrary constant c, represents the set of all common solutions of (2.la), (2.lb).
(ii) G(')(sZ). Differential invariants for G(')(F~) are u = x. We also showed that the related system of partial differential equations where 6 is an arbitrary constant. We determine separately the compatibility of Eqs. (3.10) and (3.11) with Eqs. (3.8a), (3.8b).
Case 1. u = 2u2 -U. It is easy to check that Eqs. (3.8a), (3.8b) are satisfied identically so that we have common solutions defined by u = @i(u) = 2u2 -U. The ODE corresponding to (1.7), namely
is invariant under the solvable group G(3)(~,, a2, .s3) given by Eqs. (3.6a), (3.6b ). An integration of (3.12) leads to d2y dy ' u=y, dx i( > z = constant = a.
(3.13)
From this equation it is easy to show that the general solution of ODE (3.12) is y = (c, + c2xp, (3.14) where c , , c2, c) are arbitrary constants, with c3 = l/(1 -A). Let D, denote the common solution set (3.14) of ODES (3.2) and (3.5).
Case 2. u = u2 -u + 6. The substitution of Eq. (3.11) into Eqs. (3.8a), (3.8b) leads to the compatibility equation (zAS)(l-46)=0. (3.15) If in Eq. (3.15) the first factor is set to zero, we obtain Eq. (3.13) which leads to the common solution set D, defined by Eq. (3.14). Setting the second factor to zero, i.e., 6 = a, we see that y(x) is a common solution of Eqs. (3.2) and (3.5) if it satisfies the ODE corresponding to ( 1.7). 2) = Q*(U) = uz -zf + $, namely, From our remarks in Section I, Eq. (3.16) admits the solvable group GC3'(s,, Ed, ej) and using a chain of Lie subgroups corresponding to the solvability of GC3'(e,, E*, Ed), one can reduce this ODE to three explicit quadratures. The calculations follow. Let
V=y$, (3.17b) be differential invariants of GC3)(.s1, .s2, Q Consequently U = dy/dx can be determined explicitly as a function of y and two arbitrary constants {y > 0, p}: (3.22) Finally, corresponding to the two signs in (3.22) we obtain the common solution set D2 of ODES (3.2) and (3. 
